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ABSTRACT

This work investigates the sound absorption properties
of permeable metamaterials which include acoustic res-
onators and multiscale sorptive porous media as key
building-block elements. The macroscopic description of
acoustic wave propagation in multiscale sorptive metama-
terials is established using the two-scale method of ho-
mogenisation. This upscaling procedure elucidates the
key role of pressure-activated mass sources on the atypical
effective compressibility of the studied class of metamate-
rials. The results are exemplified by introducing analytical
models which are successfully compared with numerical
predictions. Furthermore, particular attention is paid on
to how inner resonances and diffusion processes affected
by nanoscale phenomena can be exploited to engineer ef-
ficient low-frequency sound absorbers.

Keywords: Metamaterials, sorptive media, sound
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1. INTRODUCTION

Gas-saturated multiscale sorptive porous materials [1-4]
exhibit distinctive characteristic lengths that can range
from nanometres up to millimetres or larger. In these
materials, if the mass fluxes in the fluid networks are
highly contrasted, the long acoustic wave is gradually car-
ried by the more permeable networks, while the less per-
meable networks experience local dynamics in response
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to the uniform pressure in the more permeable fluid net-
works. The local dynamics is determined by either pres-
sure or mass diffusion depending on the characteristic size
of the smaller scale, and both phenomena are influenced
by sorption effects in the nanopores of the material. Con-
sequently, the diffusion phenomena play a significant role
in determining the unconventional behaviour of the effec-
tive compressibility of multiscale sorptive porous media.
Furthermore, the combination of classical visco-thermal
dissipation and the diffusion phenomena affected by sorp-
tion leads to a significant dissipation of sound energy in
broad frequency bands centred around the characteristic
frequencies associated with the dissipation mechanisms.
This dissipation of sound energy is the physical origin
of the remarkable low-frequency sound-absorbing prop-
erties of multiscale sorptive media, as demonstrated theo-
retically and experimentally in previous studies [1-4].

On the other hand, acoustic metamaterials have
gained significant attention in recent decades [5—8] be-
cause of their unusual effective acoustic properties, typ-
ically induced by their building-block elements’ resonat-
ing nature. Directly relevant to this study is the work
by Boutin et al. [5, 6] on the application of the two-scale
asymptotic method of homogenisation to the upscaling of
sound wave propagation in arrays of acoustic resonators
surrounded by a pore fluid network or embedded in a
porous matrix. These works are here extended to ac-
count for additional scales of porosity and nano-scale phe-
nomena. As the non-conventional acoustic behaviour of
such metamaterials depends on the resonant behaviour of
the local constituents, their atypical properties are usually
confined to narrow frequency bands.

This paper investigates the sound absorption be-
haviour of a novel class of metamaterials denominated
multiscale sorptive metamaterials. These materials are
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a combination of locally-resonant acoustic metamaterials
and multiscale sorptive materials. The role of pressure-
activated inner sources on the atypical effective compress-
ibility of the studied class of materials is highlighted.
The peculiar behaviour of the effective compressibility
of the materials will be shown to lead to enhanced low-
frequency sound absorption. An analytical model that is
successfully compared with the sound absorption coeffi-
cient predictions obtained from direct local-scale numeri-
cal simulations is also introduced.

2. THEORY
2.1 Geometry

Figure 1 shows a diagram of the scales of a rigid-frame
multiscale sorptive metamaterial saturated with a New-
tonian fluid. The material’s representative elementary
volume (REV) €2 comprises a pore fluid network €y, a
Helmholtz resonator €2,., and a permeable heterogeneity
2, made of a multiscale sorptive material exhibiting pores
or inclusions with characteristic sizes ranging from nm to
mm [1-4]. The boundaries Iy, I',, I, are perfectly im-
pervious walls, the interface 02, N 082y, and the inter-
face between the resonator’s neck and the pore fluid net-
work, respectively. Volume fractions ¢, = £,/ and
©r = Q,. /2 will be used in the developments. The poros-
ity of the material is ¢. The period of the material is [
and a long-wavelength regime is assumed, meaning that
¢ = 1l/L <« 1 with L = \/2rm being the macroscopic
characteristic length L and A the sound wavelength.

Figure 1. Diagram of the scales of a multiscale sorp-
tive metamaterial.

2.2 OQOutline of the homogenisation process

This section outlines the application of the two-scale
asymptotic method of homogenisation [10] to upscale the
response of a multiscale sorptive metamaterial to acoustic
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waves. At the local scale, this response is determined by
the Fourier-Stokes system (see, e.g., equations 14 in [4])
formulated in the pore fluid network €2, and the equations
of conservation of mass and dynamic Darcy’s law (see,
e.g., equations 5 and 6 in [4]) formulated in €,,, i.e. in the
local heterogeneity made of an isotropic multiscale sorp-
tive material having an effective compressibility and dy-
namic viscous permeability being respectively denoted by
Cp and KC),. Continuity of mass flux, pressure, and excess
temperature are formulated on both I',. and I',, while zero
velocity and excess temperature are set on I'.

The physical analysis of the Fourier-Stokes system is
classical (see, e.g. [10]). Regarding the equations formu-
lated in €2, one has that the Darcy velocity and pressure
vary locally [4]. Moreover, the mass flux pulsed from the
sorptive material is an order smaller than the mass flux
generated by the sound wave propagating in Q¢. This
is valid in high-permeability contrast condition which oc-
curs when ¢/ = O(e), where ¢ is the local characteristic
size of the largest-pore scale of the sorptive material. Sim-
ilarly, the mass flux pulsed from the acoustic resonator is
also an order smaller than the mass flux generated by the
sound wave propagating in £ ¢, which is a valid approxi-
mation if a characteristic size of the resonator (e.g., the ra-
dius of its neck) is one order smaller than [ (see, e.g., [4]).

To account for variations at the scale of observation
(i.e. the macroscopic scale) and at the local scale, two in-
dependent spatial variables are introduced, namely  and
Yy = e~ 1z. Then, the unknowns become a function of
these variables and V — V, + ¢~ V,,. Using the results
of the physical analysis and one of the introduced spa-
tial variables, the rescaling of the local governing equa-
tions is performed (see, e.g., [10]). The rescaled Fourier-
Stokes system formulated in €2; is shown by equations
Al-4 in [9] while the rescaled equations in £2,, are those
shown in equation 16 in [3]. The rescaled boundary con-
ditions on I',. are the equations A7-A9 in [4], while the
boundary conditions on I';, are equations 17-19 in [3].

The variables are written as expansion series in terms
of the small parameter £ and are then inserted into the
rescaled equations. It then follows the collection of terms
with equal powers of . At 7!, it is is found that
Vyp(o) = 0, which means that p(© = p(®(z) = Pis
a macroscopic variable. The identified boundary-value
problems are: i) an oscillatory Stokes problem (formu-
lated in €2¢) forced by the macroscopic pressure gradient
(see, e.g., equations in A15-19 in [9]), ii) an oscillatory
heat conduction problem (formulated in €2 ¢) forced by the
macroscopic pressure (see, e.g., equations A22-26 in [9]),
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iii) a pressure diffusion problem (formulated in €2,,) forced
by the macroscopic pressure on I',, (see, e.g., equations
B4-5 in [4]). The solution of these problems are given, re-
spectively, by equations A21 and A27 in [9], and equation
B6in [4], respectively. By spatially averaging the leading-
order equation of conservation of mass, one obtains

Ve V= —jw(Ss+8, +5), ()

where V is the oscillatory Darcy’s velocity and the effec-
tive pressure-activated volumetric sources are given by

Si=CiP ; S,=¢,CFP ;S =¢,C.P.

2
Here, Cy is the effective compressibility of the pore space
(given by equation 23 in [4]), C, is the effective com-
pressibility of the multiscale sorptive material (given by
equation 22 in [4]), F), is the spatially averaged ratio be-
tween the acoustic pressure in the sorptive material and
that in the pore fluid network (see equation 24 in [4]), and
C, is an apparent compressibility, given by equation 28
in [9], which depends on the effective admittance of the
resonator Y, via C, = 2),./jwL, where £, = 2T,./Q,..
Eq. (1) and the dynamic Darcy’s law (with 7 being the
dynamic viscosity of the saturating fluid), i.e.,

V, V= f%vzp, A3)

correspond to the macroscopic description of sound
propagation in multiscale sorptive metamaterials with
pore/sorptive material high permeability contrast.

For the case of pore/sorptive material low permeabil-
ity contrast, the effective parameters are given, in a first
approximation, by

k=Kk;+¢k, and C=C;+¢,C,+¢.C.. 4

This is an exact formulation for materials with pores €2 ¢
having a constant cross-section, as it is the case of the ex-
ample presented below. It is emphasised that inner volu-
metric sources, whose physical origin is heat conduction
at different scales, and pressure and mass diffusion, deter-
mine the acoustic behaviour of C,, [4]. Thus, several inner
volumetric sources characterise the atypical acoustic be-
haviour of the effective compressibility of the multiscale
sorptive metamaterials investigated in this work.

3. RESULTS

Figure 2 shows the geometry of an air-saturated multi-
scale sorptive metamaterial. Its representative elementary

volume (REV) comprises a mesoperforated triple poros-
ity granular sorptive matrix, a Helmholtz resonator, and
an annular pore formed in between the resonator and the
matrix. The dimensions of the metamaterial are w, = 5.0
em,w; =4.2cm, d=42cm, w =5 x /T cm, a, =1
mm, /, = 16 mm (see Fig. 2). The matrix’s material is
that investigated in [4] (see table IV for its parameters).
Hence a low-permeability contrast condition between the
pore fluid network and the matrix is identified. The dy-
namic viscous permeability depends on Ky and KC,,, which
correspond to the dynamic viscous permeability of an ar-
ray of annular pores (see equations 30 and 33 in [11]) and
of the multiscale sorptive material (see table II in [4]), re-
spectively. The effective compressibility depends on Cy,
Cp, and C,, which are respectively given by the inverse of
the equation 35 in [11], the equations shown in the table I
in [4], and the equations 28 and B2 in [9].
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Figure 2. Geometry of a multiscale sorptive meta-
material with specific microstructure. The REV con-
tains a mesoperforated triple porosity granular sorp-
tive matrix, an annular pore, and a Helmholtz res-
onator.

Figure 3 shows the normalised effective compressibil-
ity of the multiscale sorptive metamaterial. A large value
of the real part of this quantity is observed due to sorp-
tion effects in the nanopores of the matrix material [1-4].
A sharp transition in the real part of the effective com-
pressibility occurs around the acoustic resonator’s reso-
nance frequency, together with both an increase in magni-
tude and the widening of the imaginary part. Specifically,
the widening is caused by classical dissipation due to heat
conduction as well as pressure and mass diffusion in the
sorptive material. For higher frequencies, the effective
compressibility of the metamaterial becomes closer to that
of the matrix. This fact is because of the quasi-adiabatic
nature of sound propagation in the building-block ele-
ments of the metamaterial. Thus, the atypical behaviour
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of the effective compressibility leads to a decrease in the
speed of sound and an increase in the attenuation coeffi-
cient (not shown here for the sake of brevity).
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Figure 3. Normalised effective compressibility of a
multiscale sorptive metamaterial as a function of the
reduced frequency f/ fr,. The resonance frequency
of the acoustic resonator is [}, = 108 Hz

The sound absorption coefficient « of a finite rigidly-
backed multiscale sorptive metamaterial layer of thick-
ness d is now investigated. This is calculated analyti-
cally and numerically. For analytical calculations, « is
determined from equation 29 in [4] using the effective
parameters shown in Eq. (4). For the numerical calcu-
lations, a virtual impedance tube approach (see [12] for
more details) is adopted. Specifically, the material layer
is placed in a virtual impedance tube and the following
equations are solved by using the finite element method:
lossless Helmholtz equation (formulated in the upstream
part of the tube), Helmholtz equation with effective wave
number k. = w/nC,/jwlC, (formulated in the sorptive
material modelled as an effective fluid), and the Fourier-
Stokes system (formulated in and around the acoustic res-
onators). Conditions of continuity of pressure and mass
flux are considered on the material-fluid interfaces. In all
perfectly-rigid boundaries, zero normal pressure gradient
was set. The material is virtually excited with a plane
wave. Figure 4 shows a comparison between « of rigidly-
backed layers of both the matrix’s material alone (i.e. a
multiscale sorptive material) and the multiscale sorptive
metamaterial. For the latter, a significant increase of o in
the low-frequency region is observed. This is caused by
the combined effect of the local resonances and the multi-
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ple dissipation mechanisms present in the matrix’s mate-
rial. Indeed, an « of approximately over 0.8 is observed
from around 80 Hz onwards. Moreover, the analytical
model for the multiscale sorptive metamaterial correctly
captures the behaviour of «, as evidenced by the good
agreement between its predictions and the direct pore-
scale finite-element modelling (FEM) results obtained as
explained above.
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Figure 4. Sound absorption coefficient of rigidly-
backed layers of the multiscale sorptive metamaterial
and the matrix’s material (i.e. a multiscale sorptive
material) as a function of frequency. The layer thick-
ness is d = 12.6 cm and f, = 108 Hz.

4. CONCLUSIONS

This paper investigated the sound absorption properties of
a novel class of materials denominated multiscale sorp-
tive metamaterials. The representative elementary vol-
ume of these air-saturated materials includes a multiscale
sorptive material, a Helmholtz resonator, and a pore fluid
network. The macroscopic description of acoustic wave
propagation in the novel class of materials was estab-
lished through the two-scale asymptotic homogenisation
method. This elucidated the crucial role of pressure-
activated inner mass sources on the atypical effective com-
pressibility of the materials. In turn, such atypical be-
haviour explains the unusually high low-frequency sound
absorption of the studied class of materials. This work
sets the stage for further exploring the control of low-
frequency acoustic waves by using multiscale physics
phenomena and inner sources in acoustic metamaterials.
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